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httpBackground: Different stressestrain deﬁnitions are used in the literature to measure the elastic modulus in aortic
tissue. There is no agreement as to which stressestrain deﬁnition should be implemented. The purpose of this
study is to show how different results are given by the various deﬁnitions of stressestrain used and to
recommend a speciﬁc deﬁnition when testing aortic tissues.
Methods: Circumferential specimens from three patients with ascending thoracic aortic aneurysm (ATAA) were
obtained from the greater curvature and their tensile properties were tested uniaxially. Three stress deﬁnitions
(second PiolaeKirchhoff stress, engineering stress and true stress) and four strain deﬁnitions (AlmansieHamel
strain, GreeneSt. Venant strain, engineering strain and true strain) were used to determine the elastic modulus.
Results: We found that the AlmansieHamel strain deﬁnition exhibited the highest non-linear stressestrain
relation and consequently may overestimate the elastic modulus when using different stress deﬁnitions (second
PiolaeKirchhoff stress, engineering stress and true stress). The GreeneSt. Venant strain deﬁnition yielded the
lowest non-linear stressestrain relation using different deﬁnitions of stress, which may underestimate the values
of elastic modulus. Engineering stress and strain deﬁnitions are only valid for small strains and displacements,
which make them impractical when analysing soft tissues.We show that the effect of varying the stress deﬁnition
on the elastic modulus measurements is signiﬁcant for maximum elastic modulus but not when calculating the
hypertensive elastic modulus.
Conclusions: It is important to consider which stressestrain deﬁnition is employed when analysing soft tissues.
Although the true stressetrue strain deﬁnition exhibits a non-linear relation, we favour it in tissue mechanics
because it gives more accurate measurements of the material’s response using the instantaneous values.
 2013 European Society for Vascular Surgery. Published by Elsevier Ltd. All rights reserved.
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Keywords: Elasticity, Stressestrain deﬁnition, Tensile testingKnowledge of the mechanical properties of the human
aorta is essential to the understanding of cardiovascular
diseases such as aortic dissection and aneurysm.1e4
Understanding of the mechanical properties of aortic
aneurysms may allow an estimation of their risk of
rupture.5,6 In addition, the accuracy of in vitro experiments
and computations on the mechanics of aortic diseases
depends signiﬁcantly on the mechanical properties assigned
to the aortic wall. Several studies have been conducted in
the literature to measure the mechanical properties of
human tissues in vitro both uni- and biaxially.1,2,7e10
In reviewing the existing data on the mechanical property
measurements of aneurysms, we noticed that different
stressestrain deﬁnitions were used to determine the elas-
ticity of the wall of aneurysms.11e17 Vorp11 and others12e14
determined the mechanical properties of ascending thoracic
aortic aneurysms (ATAAs) using true stress versus engi-
neering strain.4 Iliopoulos et al. used the true stress versus
engineering strain deﬁnition to examine the biomechanical
and compositional remodelling associated with ATAArresponding author. K. Khanafer, Vascular Mechanics Laboratory,
ment of Biomedical Engineering, University of Michigan, Ann Arbor,
09, USA. Tel.: þ1 734 647 8033; fax: þ1 734 647 4834.
il address: khanafer@umich.edu (K. Khanafer).
-5884/$ e see front matter  2013 European Society for Vascular
y. Published by Elsevier Ltd. All rights reserved.
://dx.doi.org/10.1016/j.ejvs.2012.12.015according to region and direction (circumferential and
longitudinal) in age-matched subjects. Other researchers
have used the engineering stresseengineering strain deﬁ-
nition.15e17 Khanafer et al.18 conducted tensile tests on
polydimethylsiloxane (PDMS) material, used to construct
aortic models, to show how the use of different formula-
tions of the stressestrain curve (true and engineering) and
strain rates (crosshead speed) inﬂuence the calculations of
the Young’s modulus of elasticity.
Recently,1 Khanafer et al. provided measurements on the
elastic modulus and pre-failure stress of ATAA at physiologic
and hypertensive ranges of pressure using the true stresse
true strain deﬁnition.2 Duprey et al. provided data on the
maximum elastic modulus of ATAA for various pertinent
parameters such as aspect ratio (AR ¼ length/width),
location (greater and lesser curvature), orientation
(circumferential and longitudinal) and valve type (bicuspid
and tricuspid). The true stressetrue strain curve deﬁnition
was also used in this latter study.
Iliopoulos et al.19 used true stress versus AlmansieHamel
strain to assess regional and directional differences in the
mechanical properties of ATAA.20 Sokolis et al. used the
second PiolaeKirchhoff stress versus GreeneSt. Venant
strain to determine the biomechanical response of ATAA.21
Okamoto et al. analysed the mechanical properties of the
dilated human ascending aorta using the true stress versus
GreeneSt. Venant strain model.
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tion should be adopted when determining the mechanical
behaviour of human arterial tissues in a tensile testing
machine. The main objective of this study is to show the
results given by different deﬁnitions of stressestrain and to
rationalise our recommendation for the use of a speciﬁc
stressestrain deﬁnition when testing aortic tissues. Three
stress deﬁnitions (second PiolaeKirchhoff stress, engi-
neering stress and true stress) and four strain deﬁnitions
(AlmansieHamel strain, GreeneSt. Venant strain, engi-
neering strain and true strain) will be analysed in detail.MATERIALS AND METHODS
Human aortic tissue collection
Aortic surgical specimens were obtained from three
patients undergoing surgical repair of ATAA at University of
Michigan Hospital. No bias was made with respect to age
and sex. All procedures were carried out in accordance with
the guidelines of the Institutional Review Board of the
University of Michigan. Most studies in the literature
dealing with aortic elasticity are focussed on ascending
aortic aneurysms or dissections. We choose the ascending
aorta in this study to show the difference in the elastic
modulus results when using different stressestrain deﬁni-
tions. The aortic tissues were collected from the front wall
in the ascending aorta (greater curve). None of the samples
we collected had calcium or plaque.
Tissue strips (3  30 mm) were cut from the aortic wall in
the circumferential orientation with custom-designed tissue
cutters. The tissue specimen was stored in gauze wetted
with saline and refrigerated at 4 C. Tissue testing was
performed within 48 h. After equilibration at room
temperature, adipose tissue was removed from the surface
of the adventitia. The thickness and width of the sampleFigure 1. Instron machinewere measured at the zero stress state with a digital
calliper.Uniaxial tensile testing
The testing was performed in a uniaxial tensile testing
machine (Instron model 5542) as shown in Fig. 1. Adhesive
sandpaper of ﬁne grit was placed on the surface of the jaws
of the pneumatic grips to prevent slippage. The tissue was
continuously wetted with phosphate-buffered saline before
and during the mechanical testing. Each tissue segment was
preconditioned by executing 10 cycles at 1 N with
a constant crosshead speed (10 mm min1) to obtain
repeatable stressestrain curves. Thereafter, the sample
underwent the uniaxial extension test at a crosshead speed
of 10 mm min1 with continuous recording of tensile force
and extension at the same crosshead speed until failure.Data analysis
The applied force and the extension were recorded during
each experiment. A loadestretch curve was derived to
obtain the stressestrain relationship. The aforementioned
stress and strain deﬁnitions that have been cited in the
literature were used in each specimen.Strain deﬁnitions
The engineering or conventional strain, which is used in the
classical inﬁnitesimal theory of elasticity, is the most
common deﬁnition applied to materials subjected to very
small deformations. On the other hand, when deformations
are substantial (e.g., elastomers, polymers and biological
tissues) the engineering deﬁnition of strain is not applicable
and other deﬁnitions are often used such as stretch, loga-
rithmic or true strain (also called Hencky strain), GreeneSt.
Venant strain and AlmansieHamel (Eulerian) strain.with pneumatic grips.
Table 1. Different deﬁnitions of stress and strain.
Deﬁnition Remarks
(a) Strain
Engineering e ¼ DL
Lo
¼ l 1 - Used as strains in the
classical inﬁnitesimal
theory of elasticity
GreeneSt.
Venant
e ¼ 1
2
ðl2  1Þ - Deformations are ﬁnite
Almansie
Hamel
e ¼ 1
2
ð1 l2Þ - Deformations are ﬁnite
- Gives a highly nonlinear
stressestrain relation
Natural or
Logarithmic
e ¼ lnl - Deformations are ﬁnite
- Gives a highly nonlinear
curve for the vascular
tissue
(b) Stress
Engineering sE ¼ F
Ao
- Easier to compute since
it does not involve
computation of the
instantaneous area
- Its differential is more
directly related to the
incremental force
2nd Piolae
Kirchhoff
S ¼ FLo
AoL
¼ sE
l
- Used for large
deformation
- When the strains are
small, the 2nd Piolae
Kirchhoff stress are
nearly equal to the
Cauchy stress
Kirchhoff s ¼ FL
AoLo
¼ lsE - The Kirchhoff stress is
equal to the Cauchy
stress for the case in
which the material is
incompressible
Cauchy or
True
sT ¼ F
A
¼ sEAo
A
- Denotes the true
intensity of force felt
by a continuum
- Its differential denotes
the actual incremental
change in this intensity
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change in length DL per unit of the original length Loof the
material in which the force is being applied. The strain is
positive if the material is stretched or negative if
compressed. Thus, we have
eE ¼ DL
Lo
(1)
Stretch ratio. The stretch ratio is used in the analysis of
materials that show large deformations such as elastomers.
The stretch ratio (l) is the measure of the extensional strain
of a differential line element. It is expressed as the ratio of
the ﬁnal length Lf to the initial length Loof the material line:
l ¼ Lf
Lo
(2)
The stretch ratio is related to the engineering strain by
eE ¼ Lf  Lo
Lo
¼ Lf
Lo
 1 ¼ l 1 (3)
AlmansieHamel (Eulerian) strain. The AlmansieHamel
strain, which is the measure of the non-linear strain, is
deﬁned as
eAlmansiHamel ¼ 1
2
 
L2f  L2o
L2f
!
¼ 1
2

1 1
l2

(4)
GreeneSt. Venant strain. The GreeneSt Venant strain is
deﬁned as
eGreen ¼ 1
2

L2f  L2o
L2o

¼ 1
2

l2  1

(5)
True strain. The true strain, also called logarithmic strain, is
deﬁned as the instantaneous elongation per unit length of
the specimen. Considering an incremental strain:
detrue ¼ d L
L
(6)
The true strain is obtained by integrating the above
equation:
Z
detrue ¼
ZLf
Lo
d L
L
0etrue ¼ ln

Lf
Lo

¼ lnl ¼ lnð1þ eEÞ (7)
The true strain provides the exact measure of the ﬁnal
strain when deformation takes place in a series of incre-
ments, taking into account the inﬂuence of the strain path.
Note that under small strain conditions (typically <3e4%)
the above deﬁnitions of strain are nearly equal to engi-
neering strain. Table 1(a) summarises different deﬁnitions
of strain described above.Stress deﬁnitions
The most frequently used deﬁnition of stress is the engi-
neering stress. However, several other deﬁnitions of stress
can be deﬁned such as the ﬁrst and second PiolaeKirchhoff
stresses, Kirchhoff stress and true stress.
K. Khanafer et al. 335Engineering stress. Engineering stress is deﬁned as the
applied load divided by the original cross-sectional area of
a material. The engineering stress is expressed by
sE ¼ F
Ao
(8)
where Fis the load andAois the initial cross-sectional area.
The ﬁrst PiolaeKirchhoff stress. The ﬁrst PiolaeKirchhoff
stress tensor relates forces in the deformed conﬁguration
with areas in the reference conﬁguration. The ﬁrst Piolae
Kirchhoff stress is the three-dimensional (3D) generalisation
of the one-dimensional (1D) concept of engineering stress.
The second PiolaeKirchhoff stress. Whereas the ﬁrst
PiolaeKirchhoff stress relates forces in the current conﬁg-
uration to areas in the reference conﬁguration, the second
PiolaeKirchhoff stress tensor relates forces in the reference
conﬁguration to areas in the reference conﬁguration. The
second PiolaeKirchhoff stress is expressed by
S ¼ FLo
AoL
¼ sEð1þ eEÞ ¼
sE
l
(9)
Kirchhoff stress. The Kirchhoff stress is deﬁned as
s ¼ AL
AoLo
F
A
¼ L
Lo
F
Ao
¼ lsE (10)
Cauchy stress. The Cauchy stress (or true stress) is
a measure of the force acting on an area in the deformed
conﬁguration. For inﬁnitesimal deformations or rotations,
the Cauchy and PiolaeKirchhoff tensors are identical. The
true stress is expressed by
sT ¼ F
A
(11)
where Fis the load andA is the current cross-sectional area. For the case in
which the material is incompressible, the true stress is related to the
engineering stress by:
sT ¼ F
A
¼ sEð1þ eEÞ ¼ lsE (12)
When the strains are small, the second PiolaeKirchhoff
stresses are nearly equal to the Cauchy stresses from which
the rigid body rotations have been removed. Moreover, the
Kirchhoff stress is equal to the Cauchy stress in the case of
an incompressible material. Table 1(b) summarises different
deﬁnitions of stress described above.Figure 2. Uni-axial true stressestrain curves from circumferential
specimens of ATAA using different ages of patients.RESULTS
Three patients with different ages and tissue elastic
behaviour were selected to analyse the effect of using
various strainestress deﬁnitions on the hypertensive elastic
modulus (HEM) and maximum elastic modulus (MEM)
measurements. Fig. 2 shows a typical uniaxial true stresse
strain curve obtained from circumferential tissue specimens
of the ATAA.Fig. 3 shows various stressestrain curves using four
deﬁnitions for strain (engineering strain, AlmansieHamel
strain, GreeneSt. Venant strain and true strain) and three
deﬁnitions for stress (second PiolaeKirchhoff stress, engi-
neering stress and true stress). This ﬁgure shows that the
way in which stressestrain is deﬁned has a profound effect
on the stressestrain curve characteristics. The Almansie
Hamel strain deﬁnition exhibits the steepest stressestrain
curve using different deﬁnitions of stresses. The curves are
distinct and different values of HEM and MEM are obtained
as depicted in Figs. 4 and 5. Figs. 4 and 5 show that the
AlmansieHamel strain deﬁnition exhibits the highest HEM
and MEM values for various deﬁnitions of stress. The
GreeneSt Venant strain deﬁnition provides the lowest HEM
and MEM. Fig. 4 illustrates that the stress deﬁnition has an
insigniﬁcant effect on the HEM while this effect is
substantial for the case of MEM as shown in Fig. 5.DISCUSSION
We use stressestrain curves to measure a material’s
mechanical properties. A review of the literature on the
mechanical characteristics of aortic tissues shows that
different deﬁnitions of stress and strain have been used.
Table 2 summarises different models used in previous
studies. The most commonly used deﬁnition of stress is the
engineering stress because it does not require calculations
of the instantaneous area. Further, the incremental engi-
neering stress is directly related to the incremental force
because the reference cross-sectional area is constant. The
second deﬁnition is the second PiolaeKirchhoff (Fig. 3) that
provides the lowest non-linear stressestrain curve for
various strain deﬁnitions and consequently yielded the
smallest values of MEM (Fig. 5). The second PiolaeKirchhoff
stresseGreeneSt. Venant strain deﬁnition gives the lowest
elastic modulus measurements as depicted in Figs. 4 and 5.
Its deﬁnition of true stress, which accounts for changes in
the cross-sectional area using the instantaneous values,
probably gives the most accurate measurements for tissue
testing.
Fig. 4 shows that the stress deﬁnition has an insigniﬁcant
effect on the HEM but is signiﬁcant when calculating MEM
Figure 3. Stressestrain curves based on different ages of patients and various deﬁnitions of stress-strain.
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K. Khanafer et al. 337(Fig. 5). It should be noted that true stress can be much
larger than both the engineering stress and the second
PiolaeKirchhoff stress because the cross-sectional area of
the specimen decreases and the strain becomes large
(Fig. 3). Under small strain conditions, the second Piolae
Kirchhoff stress is nearly equal to engineering stress and
Cauchy stress. One can note from Fig. 3 through 5 that the
deﬁnition of stressestrain signiﬁcantly inﬂuences the
behaviour of the stressestrain curve characteristics and
consequently the values of elastic modulus of tissues.
Moreover, Table 3 shows a comparison of the relative errors
between the true stressetrue strain deﬁnition and other
deﬁnitions used in the literature when calculating elasticity.
Signiﬁcant relative errors in the elastic modulus usingFigure 5. Maximum elastic modulus values for various stress-strain
deﬁnitions using a circumferential specimen from patients with
ATAA.
Figure 4. Hypertensive elastic modulus values for various stress-
strain deﬁnitions using a circumferential specimen from patients
with ATAA.different stressestrain deﬁnitions are depicted in Table 3.
Errors between 45.61% and 251.89% are signiﬁcant. This
table also shows that the signiﬁcant difference between
different models is not affected by the number of patients
or their ages.
Similar to the stress deﬁnitions, different deﬁnitions have
been used in the literature for strain. The most typical
deﬁnition is engineering strain, which incorporates a ﬁxed
reference quantity (original length). Other deﬁnitions
include the GreeneSt. Venant and AlmansieHamel strains.
Table 1 shows that the later strains involve the square of
the extension ratio, which makes AlmansieHamel strain
exhibit a highly non-linear stressestrain curve (Fig. 3) and
consequently gives the highest elastic modulus values
(Figs. 4 and 5). The use of true stress versus AlmansieHamel
Table 3. Comparison of the relative errors between true stresse
true strain deﬁnition and other deﬁnitions used in the literature.
Age ¼ 50 years Age ¼ 68 years Age ¼ 77 years
Model %Error Model %Error Model %Error
EeE 75.81 EeE 69.03 EeE 65.68
TeE 45.61 TeE 38.93 TeE 38.97
TeG 71.19 TeG 62.66 TeG 60
2ndeG 93.99 2ndeG 88.71 2ndeG 87.64
TeA 252.77 TeA 167.44 TeA 115.94
EeE: Engineering StresseEngineering Strain, TeE: True Stresse
Engineering Strain, TeG: True StresseGreeneSt. Venant Strain,
2ndeG: 2nd PiolaeKirchhoff StresseGreeneSt. Venant Strain,
TeA: True StresseAlmansieHamel Strain.
Table 2. Summary of stressestrain deﬁnitions used to determine
the elastic modulus of ascending thoracic aortic aneurysm.
Reference Stress Strain
4 Iliopoulos et al. True Engineering
11 Vorp et al. True Engineering
12 He and Roach True Engineering
13 Thubrikar et al. True Engineering
14 Raghavan et al. True Engineering
15 Choudhury et al. Engineering Engineering
16 Emmanuel and
Dimitrios
Engineering Engineering
17 Sokolis Engineering Engineering
1 Khanafer et al. True True
2 Duprey et al. True True
19 Iliopoulos et al. True AlmansieHamel
20 Sokolis et al. 2nd Piolae
Kirchhoff
GreeneSt.
Venant
21 Okamoto et al. True GreeneSt.
Venant
338 European Journal of Vascular and Endovascular Surgery Volume 45 Issue 4 April/2013strain explains why.19 Iliopoulos et al. report a peak elastic
modulus ofw35 MPa in ATAA tissue. The GreeneSt. Venant
strain produces the lowest non-linear stressestrain relation
(Fig. 3) compared with other deﬁnitions.
True strain, which is often used in conjunction with true
stress, takes the increment of the strain to be the incre-
mental increase in the displacement divided by the current
length. This is advantageous when doing in vivo measure-
ments of the elastic properties of arteries (e.g., in dynamic
images), since the unstressed dimensions are not known.
The disadvantage of true strain is that it results in a highly
non-linear stressestrain curve in tissue testing. As
mentioned earlier, the engineering stresseengineering
strain deﬁnition must be interpreted with caution because
the specimens experience signiﬁcant change from their
original dimensions during testing. Since the true stresse
true strain deﬁnition gives a more direct measure of the
material’s response instantaneously, it may be used to
determine tissue characteristics.
CONCLUSIONS
It is important to consider which stressestrain deﬁnition is
employed when testing the mechanical properties of soft
tissues. It is desirable to strive for the use of a particulardeﬁnition if we are going to beneﬁt from the data reported
by different investigators.We calculated the elastic modulus
of our stressed aortic-wall samples using different strain
and stress deﬁnitions described in the literature. Four strain
deﬁnitions and three stress deﬁnitions were investigated in
detail. Our results showed that the AlmansieHamel strain
may overestimate the values of elastic modulus using
different deﬁnition of stress. Although true strain provides
a highly non-linear stressestrain curve, it is practical to use
when studying mechanical tissue mechanics since the
differential is the incremental strain obtained using the
incremental increase in the displacement divided by the
current length. The engineering stressestrain curve is not
suitable for tissue testing because it does not give a true
indication of the deformation characteristics of tissue. The
second PiolaeKirchhoff stresseGreeneSt. Venant deﬁnition
yields the smallest stressestrain relation and this may
underestimate the values of elasticity. We have also shown
that the effect of varying the stress deﬁnition on the elastic
modulus measurements is signiﬁcant for MEM but not
when calculating HEM. It is important for clinicians to have
one deﬁnition of the stressestrain model to be used to
interpret the results of elasticity as this will result in
measurements that can be compared.
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